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Abstract. Let p be an odd prime number. In this paper, we show existence of certain
infinite families of imaginary quadratic fields in which p splits and whose Iwasawa λ-
invariant of the cyclotomic Zp-extension is equal to 1.
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1 Introduction
Throughout this paper,Dwill denote the fundamental discriminant of a quadratic
field Q(
√
D). Let χD :=
(
D
·
)
be the Kronecker character. For a prime num-
ber p, we denote by λp(Q(
√
D)) the Iwasawa λ-invariant of the cyclotomic Zp-
extension of Q(
√
D). If p splits in an imaginary quadratic field Q(
√
D), then it
is known that λp(Q(
√
D)) is greater than or equal to 1. We see how often imag-
inary quadratic fields with λp = 1 appear for a given prime number p. First, we
consider the following question.
Question 1 Let p be a prime number. Is the set
{
D :
f undamental discriminant o f
imaginary quadratic f ield
λp(Q(
√
D)) = 1 and χD(p) = 1
}
infinite?
∗Supported by Grant-in-Aid for JSPS Fellows (22-222) from Japan Society for the Promotion of
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For p = 2, Question 1 is solved affirmatively. In fact, we can prove this by using
Kida’s formula on the Iwasawa λ-invariants of the cyclotomic Z2-extensions of
imaginary quadratic fields [18].
We treat the case where p ≥ 3. D. S. Dummit, D. Ford, H. Kisilevsky and
J. W. Sands [10], T. Fukuda and H. Taya [11], J. S. Kraft and L. C. Washington [22],
etc. constructed tables of the Iwasawa λ-invariants of the cyclotomic Zp-extensions
of imaginary quadratic fields. For p = 3, T. Fukuda and H. Taya [11, p. 302]
showed the following table of λ3(Q(
√−d)) for positive square-free integers d’s
less than 10, 000, 000.
λ3 0 1 2 3 4 5
d ≡ 0 mod 3 890546 (∗) 409063 145360 49796 16750 5517
d ≡ 1 mod 3 1327112 617243 220648 76138 25595 8666
d ≡ 2 mod 3 0 1320935 618333 225217 76691 25554
λ3 6 7 8 9 10 11 12 13 14 Total
d ≡ 0 mod 3 1864 613 218 50 24 8 1 1 2 1519813
d ≡ 1 mod 3 2939 912 329 112 28 12 4 2 1 2279741
d ≡ 2 mod 3 8622 2956 939 311 123 44 6 3 2 2279736
The number in the case (∗) of this table denotes the number of positive square-free
integers d less than 10, 000, 000 such that d ≡ 0 mod 3 and λ3(Q(
√−d)) = 0. It
seems that the Iwasawa λ-invariants of the cyclotomic Z3-extensions of imaginary
quadratic fields tend to be small.
Question 1 was studied in D. Byeon [5]. Suppose 0 < X ∈ R. We denote by
S−(X) the set of negative fundamental discriminants −X < D < 0 of quadratic
fields. Byeon proved the following theorem.
Theorem 1.1 (Byeon, [5, Proposition 1.2]) Let p be an odd prime number. Assume
that there is a negative fundamental discriminant D0 of a quadratic field which satisfies
the following conditions:
(i) λp(Q(
√
D0)) = 1,
(ii) χD0(p) = 1.
Then, for any sufficiently large X ∈ R, we have
♯
{
D ∈ S−(X) λp(Q(
√
D)) = 1 and χD(p) = 1
}≫
√
X
logX
.
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The assumption of the existence ofD0 is necessary for the proof. In [5], Byeon gave
such D0 for each odd prime number by using a result of R. Gold [12, Theorem 4].
But it seems that he did not use Gold’s result correctly (he does not verify the
indivisibility of the class number). Therefore, we give such D0 in the following
way.
Theorem 1.2 Let p be an odd prime greater than 3. If λp(Q(
√
1− p)) is greater than
1, then λp(Q(
√
4− p)) is equal to 1.
Example 1.1 (1) When p = 13, we have
λ13(Q(
√
1− 13)) = λ13(Q(
√−3)) = 2 > 1
and
λ13(Q(
√
4− 13)) = λ13(Q(
√−1)) = 1.
(2) When p = 23, we have
λ23(Q(
√
1− 23)) = λ23(Q(
√−22)) = 2 > 1
and
λ23(Q(
√
4− 23)) = λ23(Q(
√−19)) = 1.
We calculated these examples by using Mizusawa’s program [24]. Since the in-
tegers 1− p and 4− p are quadratic residues modulo p, we can take Q(√1− p)
or Q(
√
4− p) as Q(√D0) when p ≥ 5. When p = 3, we can take Q(
√−23) as
Q(
√
D0). From Theorems 1.1 and 1.2, we obtain the following corollary.
Corollary 1.3 Let p be an odd prime number. Then, for any sufficiently large X ∈ R, we
have
♯
{
D ∈ S−(X) λp(Q(
√
D)) = 1 and χD(p) = 1
}≫
√
X
logX
.
Question 1 is solved affirmatively. Secondly, wewill study refinement of Question
1.
Question 2 Let p, r1, r2, ..., rs and r
′
1, r
′
2, ..., r
′
t be distinct odd prime numbers, where s
and t are positive integers. Is the set

λp(Q(
√
D)) = 1,
D : f undamental discriminant χD(p) = 1,
o f imaginary quadratic f ield χD(r1) = · · · = χD(rs) = 1, and
χD(r
′
1) = · · · = χD(r′t) = −1


infinite?
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We study existence of infinite families of imaginary quadratic fields with λp = 1
under splitting conditions of prime numbers. The results [17, Theorem 13] and
[19, Theorem] gave a hint on raising this question. We give a generalization of
Theorem 1.1.
Theorem 1.4 Let p be an odd prime number and let S+ and S− be mutually disjoint
finite sets of odd prime numbers such that p ∈ S+. Fix (A, B) ∈ {(1, 8), (5, 8), (8, 16)}.
Assume that there is a negative fundamental discriminant D0 of a quadratic field which
satisfies the following conditions:
(i) D0 ≡ A mod B, (ii) D0 6= −8, (iii) λp(Q(
√
D0)) = 1,
(iv) every prime number r ∈ S+ splits in Q(
√
D0) and every prime
number r′ ∈ S− is inert in Q(
√
D0).
Then, for any sufficiently large X ∈ R, we have
♯


D ≡ A mod B,
D ∈ S−(X) λp(Q(
√
D)) = 1, and
condition (∗) holds

≫
√
X
logX
,
where (∗) denotes the condition that every prime number r ∈ S+ splits in Q(
√
D) and
every prime number r′ ∈ S− is inert in Q(
√
D).
Example 1.2 Assume p = 3, S+ := {3}, S− := {5}, and (A, B) = (1, 8). In this
case, we can take D0 = −23, for example. It follows from Theorem 1.4 that for any
sufficiently large X ∈ R we have
♯


D ≡ 1 mod 8,
D ∈ S−(X) λ3(Q(
√
D)) = 1,
χD(3) = 1, and χD(5) = −1

≫
√
X
logX
.
Since the condition that D ≡ 1 mod 8, χD(3) = 1, and χD(5) = −1 is equivalent to
the congruence relation D ≡ 73, 97 mod 120, the above equation implies that
♯{D ∈ S−(X) | D ≡ 73, 97 mod 120 and λ3(Q(
√
D)) = 1} ≫
√
X
logX
.
Remark 1.1 We give a remark on imaginary quadratic fields whose Iwasawa λp-invariant
is equal to 1. Let K be an imaginary quadratic field and p an odd prime number such that
p splits in K. It is known that if λp(K) = 1, then Generalized Greenberg’s Conjecture
(called GGC, [13]) holds for K and p. Therefore, if D0 satisfying the above properties
exists, we get infinite families of imaginary quadratic fields for which GGC holds true.
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Thirdly, as a topic relevant to Question 1, we consider the following question.
Question 3 Let p be an odd prime number. Is the set
{
D :
f undamental discriminant o f
imaginary quadratic f ield
λp(Q(
√
D)) > 1 and χD(p) = 1
}
infinite?
Question 3 is solved affirmatively by J. W. Sands [26]. The outline of his proof is
as follows. Fix an odd prime number p and an arbitrary integer n ≥ 2 which is
not divisible by p. Define
Ap,n := {a ∈ Z | 0 < a < 2pn, p ∤ a, and ap−1 ≡ 1 mod p2}.
He proved that p splits in Q(
√
a2 − 4p2n) and that λp(Q(
√
a2 − 4p2n)) > 1 if
a ∈ Ap,n (see [26, Lemmas 3.1 and 3.2]). The cardinality of Ap,n is 2(p − 1)pn−2
(see the proof of Theorem 3.3 in [26]). He counted the number of imaginary
quadratic fields Q(
√
a2 − 4p2n) with a ∈ Ap,n and showed that there exist at least
2(p− 1)pn−2 − 3 imaginary quadratic fields K such that p splits in K, λp(K) > 1,
and the fundamental discriminant of K is greater than −4p2n (see [26, Theorem
3.3]). Let n→ ∞ in the above result. Then, we find that there exist infinitely many
imaginary quadratic fields K such that p splits in K and the Iwasawa λp-invariant
of K is greater than 1 (see [26, Corollary 3.4]).
We refine his proof. By studying the divisibility of the class number of the imagi-
nary quadratic fields Q(
√
1− 4pn), we obtain a simpler proof of his result in the
following way.
Theorem 1.5 Let p be an odd prime number and let n be an integer greater than 1 such
that gcd(p, n) = 1. Then,
λp(Q(
√
1− 4pn)) > 1.
Theorem 1.6 Let p be an odd prime number. If n1 and n2 are integers greater than 8
such that Q(
√
1− 4pn1) = Q(√1− 4pn2), then n1 = n2.
Theorem 1.6 follows from our proof that the order of the ideal class containing the
prime ideal over p is n. By Theorems 1.5 and 1.6, for a fixed p, the set
{Q(
√
1− 4pn′) | n′ ∈ Z such that n′ > 8 and gcd(p, n′) = 1}
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contains infinitely many imaginary quadratic fields whose Iwasawa λp-invari-
ant is greater than 1.
In the above results, we construct infinite families of imaginary quadratic fields
with λp > 1 explicitly. On the other hand, in Theorems 1.1 and 1.4, we do not
construct infinite families of imaginary quadratic fields with λp = 1 explicitly
(see the proof of Theorem 1.4 in Section 3 of this paper). Finally, we consider the
following question.
Question 4 Let p be an odd prime number. Construct explicitly an infinite family of
imaginary quadratic fields whose Iwasawa λp-invariant is equal to 1.
We construct such imaginary quadratic fields in the following theorem. However,
we do not know whether they are infinite or not. We denote by h(k) the class
number of an algebraic number field k.
Theorem 1.7 Let p be an odd prime number, q1 a prime factor of p− 2 such that qp−11 6≡
1 mod p2, and n an integer greater than 1 such that gcd(p, n) = 1.
(1) Assume p ≡ 3 mod 4.
(i) Suppose 2p−1 6≡ 1 mod p2. If p ∤ h(Q(√1− pn)), then
λp(Q(
√
1− pn)) = 1.
(ii) Suppose 2p−1 ≡ 1 mod p2. If p ∤ h(Q(
√
q21 − pn)), then
λp(Q(
√
q21 − pn)) = 1.
(2) Assume p ≡ 1 mod 4.
(i) Suppose 2p−1 6≡ 1 mod p2. If p ∤ h(Q(√4− pn)), then
λp(Q(
√
4− pn)) = 1.
(ii) Suppose 2p−1 ≡ 1 mod p2. If p ∤ h(Q(
√
4q21 − pn)), then
λp(Q(
√
4q21 − pn)) = 1.
Remark 1.2 A prime number p such that 2p−1 ≡ 1 mod p2 is called a Wieferich prime.
As examples of Wieferich primes, 1093 and 3511 are known.
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Remark 1.3 We give a remark on Theorem 1.7 (1) (ii) and (2) (ii). For a given odd prime
number p with 2p−1 ≡ 1 mod p2, we can prove the existence of q1 as follows. Assume
that q
p−1
1 ≡ 1 mod p2 for any prime factor q1 of p− 2. Then, (p− 2)p−1 ≡ 1 mod p2.
Expanding the left side of this equation, we find
(p− 2)p−1 =
p−1
∑
j=0
(
p− 1
j
)
pj(−2)p−1−j
= (−2)p−1 + (p− 1)p(−2)p−2 +
p−1
∑
j=2
(
p− 1
j
)
pj(−2)p−1−j
≡ 2p−1− p(−2)p−2 mod p2,
where (pj) denotes the binomial coefficient. Using the assumption 2
p−1 ≡ 1 mod p2, we
have
2p−1 − p(−2)p−2 ≡ 1− p(−2)p−2 mod p2.
Then,
1 ≡ 1− p(−2)p−2 mod p2,
that is,
p | 2.
This is a contradiction. Then, there exists at least one prime factor q1 of p− 2 such that
q
p−1
1 6≡ 1 mod p2.
For the imaginary quadratic fields treated in Theorem 1.7, we obtain the following
theorem.
Theorem 1.8 Let p be an odd prime number and let q1 be a prime factor of p− 2 such
that q
p−1
1 6≡ 1 mod p2.
(1) Assume p ≡ 3 mod 4.
(i) Suppose p 6= 3 and 2p−1 6≡ 1 mod p2. If n1 and n2 are positive odd integers such
that Q(
√
1− pn1) = Q(√1− pn2), then n1 = n2.
(ii) Suppose p = 3. If n1 and n2 are positive odd integers with n1, n2 6= 5 such that
Q(
√
1− pn1) = Q(√1− pn2), then n1 = n2.
(iii) Suppose 2p−1 ≡ 1 mod p2. If n1 and n2 are positive odd composite numbers such
that Q(
√
q21 − pn1) = Q(
√
q21 − pn2), then n1 = n2.
(2) Assume p ≡ 1 mod 4.
(i) Suppose 2p−1 6≡ 1 mod p2. If n1 and n2 are positive integers such that Q(
√
4− pn1),
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Q(
√
4− pn2) 6= Q(√−1) and Q(√4− pn1) = Q(√4− pn2), then n1 = n2.
(ii) Suppose 2p−1 ≡ 1 mod p2. If n1 and n2 are positive composite numbers such that
Q(
√
4q21 − pn1), Q(
√
4q21 − pn2) 6= Q(
√−1) andQ(
√
4q21 − pn1) = Q(
√
4q21 − pn2),
then n1 = n2.
This theorem follows from our proof that the order of the ideal class containing
the prime ideal over p is n.
To solve Question 4 by using Theorems 1.7 and 1.8, we need to show that there
exist infinitely many imaginary quadratic fields treated in these theorems whose
class number is indivisible by p. As a further question, we give this. We give some
examples of Theorem 1.7.
Case: p = 3
n Q(
√
1− 3n) ideal class group of Q(√1− 3n)
2 Q(
√−2) trivial
4 Q(
√−5) Z/2Z
5 Q(
√−2) trivial
7 Q(
√−2186) Z/42Z
8 Q(
√−410) Z/2Z ×Z/8Z
10 Q(
√−122) Z/10Z
11 Q(
√−177146) Z/2Z ×Z/198Z
13 Q(
√−1594322) Z/780Z
14 Q(
√−1195742) Z/2Z ×Z/322Z
16 Q(
√−672605) Z/2Z ×Z/2Z ×Z/2Z ×Z/112Z
17 Q(
√−129140162) Z/2Z ×Z/5304Z
19 Q(
√−1162261466) Z/2Z ×Z/16074Z
20 Q(
√−72041) Z/2Z ×Z/140Z
We take n as integers greater than 1 such that gcd(3, n) = 1. For n = 2, 4, 5,
8, 10, 14, 16, 20, the class number of the imaginary quadratic fields Q(
√
1− 3n)
is indivisible by 3. For n = 7, 11, 13, 17, 19, the class number of the imaginary
quadratic fields Q(
√
1− 3n) is divisible by 3.
Case: p = 5
n Q(
√
4− 5n) ideal class group of Q(√4− 5n)
2 Q(
√−21) Z/2Z ×Z/2Z
8
n Q(
√
4− 5n) ideal class group of Q(√4− 5n)
3 Q(
√−1) trivial
4 Q(
√−69) Z/2Z ×Z/4Z
6 Q(
√−15621) Z/2Z ×Z/2Z ×Z/18Z
7 Q(
√−78121) Z/168Z
8 Q(
√−390621) Z/2Z ×Z/2Z ×Z/2Z ×Z/8Z ×Z/8Z
9 Q(
√−1953121) Z/2Z ×Z/360Z
11 Q(
√−48828121) Z/2Z ×Z/2Z ×Z/1188Z
12 Q(
√−244140621) Z/2Z ×Z/2Z ×Z/2Z ×Z/1620Z
13 Q(
√−1220703121) Z/2Z ×Z/10946Z
We take n as integers greater than 1 such that gcd(5, n) = 1. For n = 2, 3, 4,
6, 7, 8, 11, 13, the class number of the imaginary quadratic fields Q(
√
4− 5n) is
indivisible by 5. For n = 9, 12, the class number of the imaginary quadratic fields
Q(
√
4− 5n) is divisible by 5.
Case: p = 7
n Q(
√
1− 7n) ideal class group of Q(√1− 7n)
2 Q(
√−3) trivial
3 Q(
√−38) Z/6Z
4 Q(
√−6) Z/2Z
5 Q(
√−16806) Z/2Z ×Z/50Z
6 Q(
√−817) Z/2Z ×Z/6Z
8 Q(
√−3603) Z/16Z
9 Q(
√−4483734) Z/2Z ×Z/2Z ×Z/2Z ×Z/234Z
10 Q(
√−17654703) Z/2Z ×Z/2Z ×Z/780Z
11 Q(
√−1977326742) Z/2Z ×Z/2Z ×Z/9438Z
12 Q(
√−3844802) Z/2Z ×Z/2Z ×Z/4Z ×Z/96Z
We take n as integers greater than 1 such that gcd(7, n) = 1. For the above n’s, the
class number of the imaginary quadratic fields Q(
√
1− 7n) is indivisible by 7.
This paper is organized as follows. In Section 2, we give a proof of Theorem 1.2
by using a result of Sands [26]. In Section 3, we prove Theorem 1.4 by using some
properties of the Fourier coefficients of Cohen’s Eisenstein series of half integral
weight [7]. In Section 4, we show Theorems 1.5 and 1.7 by using the same method
of the proof of Theorem 1.2 and show Theorems 1.6 and 1.8 by using a method in
the study of divisibility of the class number of imaginary quadratic fields.
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2 Proof of Theorem 1.2
In this section, we show Theorem 1.2. The method of the proof is based on the one
in [5]. To checkwhether the Iwasawa λ-invariants of the cyclotomic Zp-extensions
of imaginary quadratic fields are equal to 1, we use the following theorem.
Theorem 2.1 (Sands, [26, Proposition 2.1]) Assume that p is an odd prime number
and that p splits in the imaginary quadratic field K. Thus (p) = ℘℘, the product of prime
ideals of K. Suppose that m1 is a positive integer not divisible by p such that ℘
m1 = (ξ), a
principal ideal of K. Then λp(K) > 1 if and only if either ξp−1 ≡ 1 mod ℘2 or p divides
the class number of K.
Remark 2.1 We see from Theorem 2.1 that λp(K) = 1 if and only if ξ
p−1 6≡ 1 mod ℘2
and p does not divide the class number of K. When p does not divide the class number
of K, λp(K) = 1 if and only if ξp−1 6≡ 1 mod ℘2. Gold proved this special case in [12]
and Sands improved his result as seen in the above. To use their necessary and sufficient
condition for λp(K) = 1, we need to check that p does not divide the class number of K.
However, Byeon [5] does not verify that his constructed imaginary quadratic fields satisfy
this class number condition.
To use Theorem 2.1, we need the following lemma.
Lemma 2.2 Let p be an odd prime number such that p ≥ e7 and x1 a positive integer
such that x21 < p. Then, p ∤ h(Q(
√
x21 − p)).
Proof. Let K be an imaginary quadratic field. The class number formula of imag-
inary quadratic fields is as follows:
h(K) =
ωK
√|DK|
2pi
L(1, χDK ),
where ωK denotes the number of roots of unity in K, DK denotes the funda-
mental discriminant of K, and L(s, χDK ) denotes the Dirichlet L-function. We
substitute K = Q(
√
x21 − p) in this formula. Since p ∤ h(Q(
√−1)) = 1 and
p ∤ h(Q(
√−3)) = 1 hold, we may assume Q(
√
x21 − p) 6= Q(
√−1), Q(√−3),
that is, we may assume ω
Q(
√
x21−p)
= 2. Substituting ω
Q(
√
x21−p)
= 2 in the above
class number formula, we have
h(Q(
√
x21 − p)) =
√
|D
Q(
√
x21−p)
|
pi
L(1, χD
Q(
√
x2
1
−p)
).
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From
|D
Q(
√
x21−p)
| ≤ 4|x21 − p| = 4(p− x21) < 4p,
we see
h(Q(
√
x21 − p)) <
2
√
p
pi
L(1, χD
Q(
√
x2
1
−p)
).
The value of L(1, χDK ) satisfies the inequality
L(1, χDK ) ≤
1
2
log |DK|+ log log |DK|+ 2.8
(see [8, Proposition 10.3.16]). Using this inequality, we obtain
2
√
p
pi
L(1,χD
Q(
√
x21−p)
)
≤ 2
√
p
pi
{
1
2
log |D
Q(
√
x21−p)
|+ log log |D
Q(
√
x21−p)
|+ 2.8
}
<
2
√
p
pi
{
1
2
log 4p+ log(log 4p) + 2.8
}
=
2
√
p
pi
{
1
2
· 2 log 2+ 1
2
log p+ log(2 log 2+ log p) + 2.8
}
=
2
√
p
pi
{
1
2
log p+ (log 2+ log(2 log 2+ log p) + 2.8)
}
<
2
√
p
pi
{
1
2
log p+ (4+ log(2 log 2+ log p))
}
.
(1)
When p ≥ e7, the inequality
4+ log(2 log 2+ log p) < log p
holds. In fact, we can show this as follows. Let
f1(X) := logX − 4− log(2 log 2+ logX).
From
f
′
1(X) =
1
X
− 1/X
2 log 2+ logX
=
1
X
(
2 log 2+ logX − 1
2 log 2+ logX
)
,
11
we see that f
′
1(X) > 0 when X ≥ e. Then, f1(X) increases monotonously when
X ≥ e. When X = e7, we have
f1(e
7) = log e7 − 4− log(2 log 2+ log e7)
= 7− 4− log(2 log 2+ 7)
= 3− log(2 log 2+ 7)
> 3− log(2+ 7) = 3− log 9 = log e
3
9
> 0.
Then, f1(X) > 0 when X ≥ e7, that is,
logX > 4+ log(2 log 2+ logX)
when X ≥ e7. Substituting this in equation (1), we see
2
√
p
pi
L(1, χD
Q(
√
x2
1
−p)
) <
2
√
p
pi
(
1
2
log p+ log p
)
=
2
√
p
pi
3
2
log p =
3
√
p
pi
log p
(2)
when p ≥ e7. When p ≥ e2, the inequality log p < √p holds. In fact, we can check
this as follows. Let f2(X) :=
√
X − logX. Since
f
′
2(X) =
1
2
X−
1
2 − 1
X
=
1
2
√
X
− 1
X
=
√
X− 2
2X
holds, we see f
′
2(X) > 0 when X > 4. Then, f2(X) increases monotonously when
X > 4. From
f2(e
2) =
√
e2 − log e2 = e− 2 > 0,
f2(X) > 0 holds when X ≥ e2. Hence, log p < √p when p ≥ e2. Substituting this
in equation (2), we have
2
√
p
pi
L(1, χD
Q(
√
x2
1
−p)
) <
3
√
p
pi
log p
<
3
√
p
pi
√
p =
3p
pi
< p
when p ≥ e7. This implies that h(Q(
√
x21 − p)) < p when p ≥ e7, that is, p ∤
h(Q(
√
x21 − p)) when p ≥ e7. The proof of Lemma 2.2 is completed.
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UsingKash program, we can check that the class numbers of the imaginary quadratic
fields Q(
√
1− p) and Q(√4− p) are not divisible by p when 3 < p < e7. From
this and Lemma 2.2, we obtain the following lemma.
Lemma 2.3 Let p be an odd prime number greater than 3. Then, the class numbers of the
imaginary quadratic fields Q(
√
1− p) and Q(√4− p) are not divisible by p.
We show Theorem 1.2 by using Lemma 2.3.
Proof of Theorem 1.2. First, we treat Q(
√
1− p). Suppose λp(Q(
√
1− p)) > 1.
We can write
℘1℘1 = (p) = (1+
√
1− p)(1−√1− p)
in Q(
√
1− p), where ℘1 denotes the prime ideal of Q(
√
1− p) over p and ℘1 de-
notes the complex conjugate of ℘1. Since p ∤ (1+
√
1− p) and p ∤ (1−√1− p)
hold, we may assume ℘1 = (1 +
√
1− p) and ℘1 = (1 −
√
1− p). Then, ℘21
is a principal ideal. Hence it follows from Theorem 2.1 and Lemma 2.3 that
λp(Q(
√
1− p)) > 1 if and only if
((1+
√
1− p)2)p−1 ≡ 1 mod ℘12.
This is equivalent to
(1+
√
1− p)2(p−1)(1+√1− p)2 − (1+√1− p)2 ≡ 0 mod ℘21℘12,
that is,
(1+
√
1− p)2p − (1+√1− p)2 ≡ 0 mod p2. (3)
Expanding the left side of equation (3), we obtain
(1+
√
1− p)2p − (1+√1− p)2
=
{ p
∑
j=0
(
2p
2j
)
(1− p)j
}
+
√
1− p
{p−1
∑
j=0
(
2p
2j+ 1
)
(1− p)j
}
− (2− p+ 2√1− p).
(4)
Note that
(1− p)j =
j
∑
i=0
(
j
i
)
(−p)i = 1+
(
j
1
)
(−p) +
j
∑
i=2
(
j
i
)
(−p)i
≡ 1− jp mod p2.
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Substituting this in equation (4), we see
(1+
√
1− p)2p − (1+√1− p)2
≡
{ p
∑
j=0
(
2p
2j
)
(1− jp)
}
+
√
1− p
{p−1
∑
j=0
(
2p
2j+ 1
)
(1− jp)
}
− (2− p+ 2√1− p)
≡
p
∑
j=0
(
2p
2j
)
− p
p
∑
j=0
(
2p
2j
)
j+
√
1− p
{p−1
∑
j=0
(
2p
2j+ 1
)
− p
p−1
∑
j=0
(
2p
2j+ 1
)
j
}
− (2− p+ 2√1− p) mod p2.
Since
p
∑
j=0
(
2p
2j
)
=
p−1
∑
j=0
(
2p
2j+ 1
)
= 22p−1,
p
∑
j=0
(
2p
2j
)
j = 22p−2p,
and
p−1
∑
j=0
(
2p
2j+ 1
)
j = 22p−2(p− 1)
hold, we have
(1+
√
1− p)2p − (1+√1− p)2
≡ 22p−1 − 22p−2p2 +√1− p{22p−1 − 22p−2p(p− 1)} − (2− p+ 2√1− p)
≡ 22p−1 +√1− p(22p−1 + 22p−2p)− (2− p+ 2√1− p)
≡ (22p−1 − 2+ p) +√1− p(22p−1 + 22p−2p− 2) mod p2.
From this and equation (3), we obtain
22p−1 − 2+ p ≡ 0 mod p2
and
22p−1 + 22p−2p− 2 ≡ 0 mod p2.
This is equivalent to 22p−1 − 2+ p ≡ 0 mod p2. In fact, when 22p−1 ≡ 2− p mod
p2, we see
22p−1 + 22p−2p− 2 ≡ 2− p+ 22p−2p− 2
≡ −p+ 22p−2p ≡ p(22p−2 − 1) mod p2.
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Since 22p−2 − 1 ≡ 0 mod p holds, we have
22p−1 + 22p−2p− 2 ≡ 0 mod p2.
Then, λp(Q(
√
1− p)) > 1 if and only if
22p−1− 2+ p ≡ 0 mod p2.
Secondly, we treat Q(
√
4− p). We can write
℘2℘2 = (p) = (2+
√
4− p)(2−√4− p)
in Q(
√
4− p), where ℘2 denotes the prime ideal of Q(
√
4− p) over p and ℘2 de-
notes the complex conjugate of ℘2. Since p ∤ (2+
√
4− p) and p ∤ (2−√4− p)
hold, we may assume ℘2 = (2 +
√
4− p) and ℘2 = (2 −
√
4− p). Then, ℘22
is a principal ideal. Hence it follows from Theorem 2.1 and Lemma 2.3 that
λp(Q(
√
4− p)) = 1 if and only if
((2+
√
4− p)2)p−1 6≡ 1 mod ℘22. (5)
This is equivalent to
24p−1 − 23 + p 6≡ 0 mod p2
or
24p−2 + 24p−5p− 22 6≡ 0 mod p2.
We can check this as follows. Equation (5) is equivalent to
(2+
√
4− p)2(p−1)(2+√4− p)2 − (2+√4− p)2 6≡ 0 mod ℘22℘22,
that is,
(2+
√
4− p)2p − (2+√4− p)2 6≡ 0 mod p2. (6)
Expanding the left side of equation (6), we obtain
(2+
√
4− p)2p − (2+√4− p)2
=
p
∑
j=0
(
2p
2j
)
(4− p)j22p−2j +√4− p
{p−1
∑
j=0
(
2p
2j+ 1
)
(4− p)j22p−(2j+1)
}
− (4+ 4√4− p+ 4− p)
≡
p
∑
j=0
(
2p
2j
)
(4j − 4j−1jp)22p−2j
+
√
4− p
{p−1
∑
j=0
(
2p
2j+ 1
)
(4j − 4j−1jp)22p−2j−1
}
− (8− p+ 4√4− p)
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≡
p
∑
j=0
(
2p
2j
)
(22p − 22p−2jp) +√4− p
{p−1
∑
j=0
(
2p
2j+ 1
)
(22p−1 − 22p−3jp)
}
− (8− p+ 4√4− p)
≡ 22p
p
∑
j=0
(
2p
2j
)
− 22p−2p
p
∑
j=0
j
(
2p
2j
)
+
√
4− p
{
22p−1
p−1
∑
j=0
(
2p
2j+ 1
)
− 22p−3p
p−1
∑
j=0
j
(
2p
2j+ 1
)}
− (8− p+ 4√4− p)
≡ 22p22p−1 − 22p−2p · 22p−2p
+
√
4− p{22p−122p−1 − 22p−3p(p− 1)22p−2} − 8+ p− 4√4− p
≡ 24p−1 +√4− p{24p−2 − (−1)22p−322p−2p} − 8+ p− 4√4− p
≡ (24p−1 − 8+ p) +√4− p(24p−2 + 24p−5p− 4)
6≡ 0 mod p2.
Then,
24p−1 − 23 + p 6≡ 0 mod p2
or
24p−2 + 24p−5p− 22 6≡ 0 mod p2.
On the other hand, the congruence relation
22p−1 ≡ 2− p mod p2
is satisfied under the assumption λp(Q(
√
1− p)) > 1. Substituting this in 24p−1−
23 + p, we have
24p−1 − 23 + p ≡ 22p−122p−12− 8+ p ≡ 2(2− p)2 − 8+ p
≡ 2(p2 − 4p+ 4)− 8+ p ≡ 2p2 − 8p+ 8− 8+ p
≡ 2p2 − 7p ≡ −7p mod p2.
When p 6= 7, we find
24p−1− 23 + p 6≡ 0 mod p2.
Therefore, if p 6= 7 and λp(Q(
√
1− p)) > 1, then λp(Q(
√
4− p)) = 1. When
p = 7, we see
22p−1 − 2+ p = 213 + 5 = 8197 6≡ 0 mod 72.
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Then, λ7(Q(
√
1− 7)) = λ7(Q(
√−6)) = 1. The proof of Theorem 1.2 is com-
pleted.
3 Proof of Theorem 1.4
In this section, we show Theorem 1.4. The method of the proof is based on the one
in [5]. We use some properties of the Fourier coefficients of Eisenstein series of half
integral weight constructed by H. Cohen [7]. The idea of the proof is used widely
in the study of indivisibility of the class number of quadratic fields (cf. W. Kohnen
and K. Ono [21], K. Ono [25], D. Byeon [2, 3, 4], I. Kimura [19], etc). First, we
sketch the outline of the proof. To check whether the Iwasawa λ-invariants of the
cyclotomic Zp-extensions of imaginary quadratic fields are equal to 1, we use the
following proposition.
Proposition 3.1 (cf. [5, Proposition 2.3]) Let p be an odd prime number and D the
fundamental discriminant of an imaginary quadratic field Q(
√
D) such that χD(p) = 1.
Then, L(1− p, χD)/p is p-integral. Furthermore,
λp(Q(
√
D)) = 1
if and only if
L(1− p, χD)
p
6≡ 0 mod p,
where L(s, χD) denotes the Dirichlet L-function.
To show this, we need some properties of the Kubota-Leopoldt p-adic L-function
[28, Lemma 1] and [10, Proposition 5.1]. We can check from Proposition 3.1 whether
λp(Q(
√
D)) = 1 or not by studying the congruence modulo p2 of the value of
L(1− p, χD). We can consider the value of L(1− p, χD) as a Fourier coefficient of
Eisenstein series of half integral weight constructed by Cohen [7]. Here, we state
the definition of this Eisenstein series.
Let r be an integer greater than 1 and N a non-negative integer. If (−1)rN 6≡
0, 1 mod 4, then let H(r,N) := 0. If N = 0, then let H(r, 0) := ζ(1 − 2r) =
−B2r/2r, where ζ(s) denotes the Riemann zeta-function and Br denotes the Bernoulli
numbers. If N is a positive integer and (−1)rN = Dm2 where D is the fundamen-
tal discriminant of a quadratic field Q(
√
D) andm is a positive integer, then define
H(r,N) by
H(r,N) := L(1− r, χD) ∑
d|m
µ(d)χD(d)d
r−1σ2r−1(m/d),
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where µ(·) denotes the Möbius function and σν(·) denotes the divisor function
σν(m) := ∑d|m dν. LetMk(Γ0(N1), χ) denote the space of modular forms of weight
k on the congruence subgroup Γ0(N1) with a Dirichlet character χ. Cohen proved
the following proposition.
Proposition 3.2 (Cohen, [7]) If Fr(z) := ∑
∞
N=0 H(r,N)q
N , then Fr(z) ∈
M
r+ 12
(Γ0(4), χ0), where q := e
2piiz and χ0 denotes the trivial character modulo 4.
In our proof, we use this Eisenstein series. Let p be an odd prime number. Put
Gp(z) :=
1
p
Fp(z).
We see from Proposition 3.2 that
Gp(z) =
∞
∑
N=0
H(p,N)
p
qN ∈ Mp+ 12 (Γ0(4), χ0).
Assume that N is a positive integer and that (−1)pN = Dm2 for some fundamen-
tal discriminant D of an imaginary quadratic field such that χD(p) = 1 and some
positive integer m. If
H(p,N)
p
6≡ 0 mod p,
then
λp(Q(
√
D)) = 1
by Proposition 3.1. Considering the value of L(1− p, χD)/p as a Fourier coeffi-
cient of the Eisenstein series Gp(z), we can use properties of modular forms and
obtain Theorem 1.4. Next, we give a detailed proof in Section 3.1.
3.1 Proof of Theorem 1.4
In this section, we give a detailed proof of Theorem 1.4. This proof relies on
Sturm’s theorem on congruences of modular forms [27]. In Section 3.1.1, we state
this theorem. In Section 3.1.2, we prepare one lemma. In Section 3.1.3, we prove
Theorem 1.4.
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3.1.1 Sturm’s theorem
In this section, we state Sturm’s theorem [27]. Let
g1(z) =
∞
∑
N=0
a1(N)q
N
be any formal power series of an indeterminate qwith rational integer coefficients.
We define the order ordp1(g1) of g1(z) at a prime number p1 by
ordp1(g1) := min{N | a1(N) 6≡ 0 mod p1}.
Let
g2(z) =
∞
∑
N=0
a2(N)q
N
be another formal power series with rational integer coefficients andm2 a rational
integer. We define g1(z) ≡ g2(z) mod m2 if and only if a1(N) ≡ a2(N) mod m2 for
all non-negative integers N. On congruences of modular forms, J. Sturm proved
the following theorem.
Theorem 3.3 (Sturm, [27]) Let p1 be a prime number, k ∈ 12Z, N1 a positive integer (if
k 6∈ Z, we assume that 4 | N1), and χ a Dirichlet character. If g(z) ∈ Mk(Γ0(N1), χ)
has rational integer coefficients and
ordp1(g) >
k
12
[Γ0(1) : Γ0(N1)] =
k
12
N1 ∏
q2|N1, q2:prime
(1+ q−12 ),
then g(z) ≡ 0 mod p1.
3.1.2 Preliminary
In this section, we prepare one lemma.
Lemma 3.4 Let p be an odd prime number and
A1 :=
{
N ∈ N
∣∣∣∣
(−N
p
)
= 1
}
.
Then, there exists an integer α(p) coprime to p such that
α(p)H(p,N)
p
∈ Z
for all N ∈ A1.
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Proof. Assume N ∈ A1. If (−1)pN = Dm2 where D is the fundamental discrim-
inant of a quadratic field Q(
√
D) and m is a positive integer, then
H(p,N)
p
=
L(1− p, χD)
p ∑
d|m
µ(d)χD(d)d
p−1σ2p−1(m/d)
by the definition of H(p,N). Since ∑d|m µ(d)χD(d)dp−1σ2p−1(m/d) is an integer,
we check the value of L(1− p, χD)/p. Note that χD(p) = 1. Then, L(1− p, χD)/p
is p-integral by Proposition 3.1. Therefore, we need to check the value of L(1 −
p, χD). The value of L(1− p, χD) is represented by using the generalized Bernoulli
number B(p, χD) as follows:
L(1− p, χD) = −B(p, χD)
p
.
The numbers B(p, χD)/p are always integers unless D = −4 or D = ±p2, in
which case they have denominator 2 or p2 respectively, where p2 is an odd prime
number such that 2p/(p2 − 1) is an odd integer (cf. [6]). Let m3 be a positive
integer. If 2p/(m3 − 1) is an odd integer, then m3 = 3 or m3 = 2p+ 1. Therefore,
we can take α(p) = 6(2p + 1) when p 6= 3. When p = 3, we can take α(p) =
2(2p+ 1) = 14 because of χD(p) = 1. The proof of Lemma 3.4 is completed.
3.1.3 Proof of Theorem 1.4
In this section, we show Theorem 1.4. Let S+ := {p, r1, r2, ..., rs} and S− :=
{r′1, r′2, ..., r′t}, where s and t are positive integers. Suppose Q is a prime number
such that Q 6∈ S+ ∪ S−,
(−D0
Q
)
= −1, and Q ≡ 1 mod 8. The integer α(p)
denotes the one in Lemma 3.4. Let p3 be an odd prime number and δ := ±1.
Define G1(z) ∈ Mp+ 12 (Γ0(4p
2
3), χ0) by
G1(z) := α(p)Gp(z)⊗
( ·
p3
)
= α(p)
∞
∑
N=0
(
N
p3
)
H(p,N)
p
qN
and G2(z) ∈ Mp+ 12 (Γ0(4p
4
3), χ0) by
G2(z) :=
1
2
{
G1(z)⊗
( ·
p3
)
+ δG1(z)
}
= α(p)
∞
∑(
N
p3
)
=δ
H(p,N)
p
qN .
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Repeating this process for prime numbers in S+ ∪S− ∪ {Q}, we define G3(z) ∈
Mp+ 12
(Γ0(4P1), χ0) by
G3(z) := α(p) ∑
N∈A2
H(p,N)
p
qN,
where P1 := ∏r∈S+∪S−∪{Q} r
4 and
A2 :=
{
N ∈ N
(−N
r
)
= 1 for all r ∈ S+ and(−N
r′
)
= −1 for all r′ ∈ S− ∪ {Q}
}
.
Define G4(z) ∈ Mp+ 12 (Γ0(4 · 8
2P1), χ0) by
G4(z) := G3(z)⊗ χ8 = α(p)
∞
∑
N≡3,7 mod 8, N∈A2
χ8(N)
H(p,N)
p
qN
and G5(z) ∈ Mp+ 12 (Γ0(4 · 8
4P1), χ0) by
G5(z) :=
1
2
{
G4(z)⊗ χ8 + δG4(z)
}
= α(p)
∞
∑
N≡−A1 mod 8, N∈A2
H(p,N)
p
qN ,
where the symbol χ8 denotes the Kronecker character modulo 8, A1 := 1 if δ = 1,
and A1 := 5 otherwise. Let ψ : (Z/4Z)
× → C× be the Dirichlet character defined
by ψ(1) = 1 and ψ(3) = −1. Define G6(z) ∈ Mp+ 12 (Γ0(4
3P1), χ0) by
G6(z) := G3(z) + G3(z)⊗ ψ = α(p)
∞
∑
N≡0 mod 4, N∈A2
H(p,N)
p
qN .
Using U-operator and V-operator, define G7(z) ∈ Mp+ 12 (Γ0(4
5P1), χ0) by
G7(z) := (U2 | V2 | G6)(z) − (U4 | V4 | G6)(z)
= α(p)
∞
∑
N≡8 mod 16, N∈A2
H(p,N)
p
qN .
For the convenience of the reader, we write the definition of modular forms (Up1 |
g)(z) and (Vp1 | g)(z) ∈ Mk(Γ0(p1N1), (4p1· )), where p1 is a prime number, k ∈
1
2Z, N1 a positive integer with 4 | N1, and g(z) := ∑∞N=1 a(N)qN ∈ Mk(Γ0(N1), χ0):
(Up1 | g)(z) :=
∞
∑
N=1
a(p1N)q
N
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and
(Vp1 | g)(z) :=
∞
∑
N=1
a(N)qp1N.
Then, we can construct the modular form
G(z) := α(p)
∞
∑
N≡−A mod B, N∈A2
H(p,N)
p
qN ∈ Mp+ 12 (Γ0(P2), χ0),
where (A, B) is a pair of fixed integers in {(1, 8), (5, 8), (8, 16)}, P2 := 45P1 if
(A, B) = (8, 16), and P2 := 4
7P1 otherwise (see the definition of G5(z) and G7(z)).
If (−1)pN = −N = Dm2 for some fundamental discriminant D of an imaginary
quadratic field and some positive integer m, it follows that D ≡ A mod B from
N ≡ −A mod B and that
(
D
p
)
=
(
D
ri
)
= 1 and
(
D
Q
)
=
(
D
r′j
)
= −1
from (−N
p
)
=
(−N
ri
)
= 1 and
(−N
Q
)
=
(−N
r′j
)
= −1,
where i runs over 1, 2, ..., s and j runs over 1, 2, ..., t. Put
κ := 1+ 2m4(2p+ 1) ∏
r∈S+∪S−∪{Q}
r3(r+ 1),
where m4 := 10 if A = 1, 5 and m4 := 6 otherwise. Put
A3 := {N ∈ A2 | 1 ≤ N ≤ κ and − N ≡ A mod B}
and
Sp := {DN : fundamental discriminant of Q(
√−N) | N ∈ A3}.
It is essential for the proof of Theorem 1.4 to show the following theorem.
Theorem 3.5 Let l be an odd prime number satisfying the following conditions:


(i) κ < l,
(ii) l ≡ 1 mod P3,
(iii) χD(l) = −1 f or all D ∈ Sp ∪ {D0},
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where P3 := B∏r∈S+∪S−∪{Q} r. Then, there exists a positive integer Nl satisfying the
following conditions: 

(I) 1 ≤ Nl ≤ lκ,
(II) l ∤ Nl,
(III) lNl ≡ −A mod B,
(IV) lNl ∈ A2,
(V)
H(p, lNl)
p
6≡ 0 mod p.
We prove the existence of prime numbers l satisfying the above conditions later
(see Lemma 3.6).
Proof of Theorem 3.5. By using U-operator and V-operator, we construct the
following modular form
Gl(z) := (Ul | G)(z) − 3(Vl | G)(z) ∈ Mp+ 12
(
Γ0(lP2),
(
4l
·
))
.
The coefficient b(N) of qN in Gl(z) is represented as follows:
b(N) =
α(p)
p
{
H(p, lN)− 3H
(
p,
N
l
)}
.
First, we treat the case where l | N. We can write N = lN′ for some integer N′.
Then,
b(N) =
α(p)
p
{H(p, l2N′)− 3H(p,N′)}.
If N′ 6≡ −A mod B or N′ 6∈ A2, then b(N) = 0. If N′ satisfies the conditions
N′ ≡ −A mod B, N′ ∈ A2, and 1 ≤ N′ ≤ κ, we can show b(N) ≡ 0 mod p as
follows. We write −N′ = DN′m′2 for some fundamental discriminant DN′ of an
imaginary quadratic field and some positive integer m′. Then,
b(N) =
α(p)
p
{H(p,−DN′(lm′)2)− 3H(p,−DN′m′2)}.
We see from the definition of H(p,N) that
α(p)H(p,−DN′ (lm′)2)
p
=
α(p)H(p,−DN′ )
p
{
∑
d|lm′
µ(d)χDN′ (d)d
p−1σ2p−1(lm′/d)
}
.
(7)
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Since l > κ and κ ≥ N′ hold, we have gcd(l,m′) = 1. Then,
∑
d|lm′
µ(d)χDN′ (d)d
p−1σ2p−1(lm′/d)
= ∑
d|m′
{
µ(d)χDN′ (d)d
p−1σ2p−1(lm′/d) + µ(ld)χDN′ (ld)l
p−1dp−1σ2p−1(m′/d)
}
= ∑
d|m′
{
(1+ l2p−1)µ(d)χDN′ (d)d
p−1σ2p−1(m′/d)
− µ(d)χDN′ (l)χDN′ (d)lp−1dp−1σ2p−1(m′/d)
}
= (1+ l2p−1 + lp−1) ∑
d|m′
µ(d)χDN′ (d)d
p−1σ2p−1(m′/d).
Substituting this in equation (7), we obtain
α(p)H(p,−DN′ (lm′)2)
p
= (1+ l2p−1 + lp−1)
α(p)H(p,−DN′m′2)
p
.
We see from the assumption l ≡ 1 mod p that
(1+ l2p−1 + lp−1)
α(p)H(p,−DN′m′2)
p
≡ 3α(p)H(p,−DN′m
′2)
p
mod p.
Then,
b(N) ≡ 0 mod p.
Therefore, if l | N and l ≤ N ≤ lκ hold, we have b(N) ≡ 0 mod p. Next, we treat
the case where l ∤ N. In this case, H(p,N/l) = 0. Then,
b(N) =
α(p)H(p, lN)
p
.
Assume that
H(p, lN)
p
≡ 0 mod p
for all positive integers N such that


(I) 1 ≤ N ≤ lκ,
(II) l ∤ N,
(III) lN ≡ −A mod B,
(IV) lN ∈ A2.
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Then, b(N) ≡ 0 mod p for all integers N such that 1 ≤ N ≤ lκ. Note that
Gl(z) ∈ Z[[q]] by Lemma 3.4. Therefore, ordp(Gl(z)) > lκ. Here, we use Theorem
3.3. We see
[Γ0(1) : Γ0(lP2)] = lP2 ∏
q2|lP2, q2:prime
(1+ q−12 )
= l · 4m5 ∏
r∈S+∪S−∪{Q}
r4 ∏
r∈S+∪S−∪{2,l,Q}
(1+ r−1)
=
3 · 4m5 l(l + 1)
2l ∏
r∈S+∪S−∪{Q}
r4 ∏
r∈S+∪S−∪{Q}
r+ 1
r
=
3 · 4m5(l + 1)
2 ∏
r∈S+∪S−∪{Q}
r3(r + 1),
where m5 := 5 if (A, B) = (8, 16) and m5 := 7 otherwise. Then,
1
12
(
p+
1
2
)
[Γ0(1) : Γ0(lP2)] =
3 · 4m5(l + 1)(2p+ 1)
48 ∏
r∈S+∪S−∪{Q}
r3(r + 1)
= 4m5−2(l + 1)(2p+ 1) ∏
r∈S+∪S−∪{Q}
r3(r + 1)
= (l + 1)(κ − 1)
= lκ − l + κ − 1.
Since κ < l holds, we obtain
1
12
(
p+
1
2
)
[Γ0(1) : Γ0(lP2)] < lκ.
Then,
1
12
(
p+
1
2
)
[Γ0(1) : Γ0(lP2)] < ordp(Gl(z)).
Hence it follows from Theorem 3.3 that
Gl(z) ≡ 0 mod p.
On the other hand,
b(−D0l3) 6≡ 0 mod p, (8)
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a contradiction. Equation (8) is given as follows.
b(−D0l3) = α(p)
p
{H(p,−D0l4)− 3H(p,−D0l2)}
=
α(p)H(p,−D0)
p
{
∑
d|l2
µ(d)χD0(d)d
p−1σ2p−1(l2/d)
− 3∑
d|l
µ(d)χD0(d)d
p−1σ2p−1(l/d)
}
=
α(p)H(p,−D0)
p
{
σ2p−1(l2) + µ(l)χD0 (l)l
p−1σ2p−1(l)
− 3(σ2p−1(l) + µ(l)χD0 (l)lp−1σ2p−1(1))}
=
α(p)H(p,−D0)
p
{
1+ l2p−1 + l2(2p−1) + lp−1(1+ l2p−1)
− 3(1+ l2p−1 + lp−1)}
≡ (3+ 2− 9)α(p)H(p,−D0)
p
≡ −4α(p)H(p,−D0)
p
6≡ 0 mod p.
The congruence relation
α(p)H(p,−D0)
p
6≡ 0 mod p follows from the assumption
λp(Q(
√
D0)) = 1 and Proposition 3.1. Then, there exists a positive integer N such
that 

(I) 1 ≤ N ≤ lκ,
(II) l ∤ N,
(III) lN ≡ −A mod B,
(IV) lN ∈ A2,
(V)
H(p, lN)
p
6≡ 0 mod p.
We can take the above N as Nl . The proof of Theorem 3.5 is completed.
Remark 3.1 We need the assumption D0 6= −8 in the above proof. Since Q ≡ 1 mod 8
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holds, we see (
8
Q
)
=
(
2
Q
)3
= 1 6= −1.
Then, the coefficient b(8l3) in Gl(z) is zero. Therefore, if D0 = −8, we can not use the
above discussion.
Using Theorem 3.5, we show Theorem 1.4. Let l and Nl be integers as in Theorem
3.5. Then, the fundamental discriminant Dl of Q(
√−lNl) satisfies λp(Q(
√
Dl)) =
1 by Proposition 3.1. Moreover, Dl satisfies Dl ≡ A mod B, χr(Dl) = 1 for all
r ∈ S+, and χr′(Dl) = −1 for all r′ ∈ S−. Therefore, we can prove Theorem
1.4 by estimating the number of imaginary quadratic fields Q(
√−lNl). First, we
check the existence of the prime number l.
Lemma 3.6 There exist infinitely many prime numbers l satisfying the following condi-
tions: 

(i) κ < l,
(ii) l ≡ 1 mod P3,
(iii) χD(l) = −1 f or all D ∈ Sp ∪ {D0}.
Proof. We use the Chebotarev density theorem. For the convenience, we rewrite
Sp = {D1,D2, ...,Dn1}, where n1 is a positive integer. Put
A := Q
(
ζP3 ,
√
D0D1,
√
D0D2, ...,
√
D0Dn1
)
and
B := A(
√
D0).
Let Q(ζv0) be a cyclotomic field containing B.
First, we will show
√
D0 6∈ A, that is, [B : A] = 2 as follows.
(1) We treat the case where D ≡ 1 mod 8 (resp. D ≡ 5 mod 8) for all D ∈ Sp ∪
{D0}, that is, (A, B) = (1, 8) (resp. (A, B) = (5, 8)). Since r ∤ D0D1 · · ·Dn1 for all
r ∈ S+ ∪S− ∪ {2,Q}, it is sufficient to show
√
D0 6∈ C := Q(
√−1,
√
D0D1,
√
D0D2, ...,
√
D0Dn1).
Suppose
√
D0 ∈ C. We can write
D0 = − (D0D1)
ε1(D0D2)
ε2 · · · (D0Dn1)εn1

,
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where εi ∈ {0, 1} for each i ∈ {1, 2, ..., n1} and  denotes the square part of
(D0D1)
ε1(D0D2)
ε2 · · · (D0Dn1)εn1 . Since D ≡ 1 mod 4 for all D ∈ Sp ∪ {D0} and
 ≡ 1 mod 4 holds, we have
− (D0D1)
ε1(D0D2)
ε2 · · · (D0Dn1)εn1

≡ 3 mod 4.
On the other hand,
D0 ≡ 1 mod 4.
This is a contradiction. Then,
√
D0 6∈ C, that is,
√
D0 6∈ A.
(2) We treat the case where D ≡ 8 mod 16 for all D ∈ Sp ∪ {D0}, that is, (A, B) =
(8, 16). Since r ∤ D0D1 · · ·Dn1 for all r ∈ S+ ∪S− ∪ {Q}, it is sufficient to show√
D0 6∈ D := Q(
√−1,
√
2,
√
D0D1,
√
D0D2, ...,
√
D0Dn1).
Suppose
√
D0 ∈ D. We can write
D0 = −8 · (D0D1)
ε1(D0D2)
ε2 · · · (D0Dn1)εn1

,
where εi ∈ {0, 1} for each i ∈ {1, 2, ..., n1} and  denotes the square part of c1 :=
(D0D1)
ε1(D0D2)
ε2 · · · (D0Dn1)εn1 . When εi = 0 for all i ∈ {1, 2, ..., n1}, we see
D0 = −8, a contradiction. Therefore, we treat the case where there exists i ∈
{1, 2, ..., n1} such that εi = 1. Since
(
D0Di
Q
)
= (−1)2 = 1
for all i ∈ {1, 2, ..., n1} and
(−8
Q
)
= 1 holds, we have
(−8(c1/)
Q
)
=
(−8c1
Q
)
=
(
c1
Q
)
= 1.
On the other hand,
(
D0
Q
)
= −1. This is a contradiction. Then, √D0 6∈ D, that is,
√
D0 6∈ A.
It follows from [B : A] = 2 that there exists
τ ∈ Gal(Q(ζv0)/A)rGal(Q(ζv0)/B).
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We see from the Chebotarev density theorem that there exist infinitelymany prime
numbers l such that there is a prime ideal℘ ofQ(ζv0) over lwith τ =
[
Q(ζv0)/Q
℘
]
,
where
[
Q(ζv0)/Q
℘
]
is the Frobenius of ℘ in Gal(Q(ζv0)/Q). Since the number
of primes l′ such that l′ ≤ κ, the number of prime factors of D0, and the num-
ber of prime factors of v0 are finite, there exist infinitely many prime numbers l
with κ < l and l ∤ v0D0 such that there is a prime ideal ℘ of Q(ζv0) over l with
τ =
[
Q(ζv0)/Q
℘
]
.
Next, we will show that such prime numbers l satisfy the conditions (ii) and (iii)
of this lemma as follows. Note that such prime number l is unramified in Q(ζv0),
that is, the prime ideal ℘ is unramified in Q(ζv0). Then, the decomposition group
of ℘ in Gal(Q(ζv0)/Q) is 〈τ〉. Since Gal(Q(ζv0 )/A) contains 〈τ〉, the subfield of
Q(ζv0) corresponded with this decomposition group contains A. Then, l splits
completely in A. Since Q(ζP3) is contained in A, the prime number l splits com-
pletely in Q(ζP3). The property that l splits completely in Q(ζP3) is equivalent
to l ≡ 1 mod P3 (see [29, Theorem 2.13]). Then, l satisfies the condition (ii) of
this lemma. It follows from Q(
√
D0Di) ⊂ A that the prime number l splits com-
pletely in Q(
√
D0Di), where i ∈ {1, 2, ..., n1}. On the other hand, we see from
τ 6∈ Gal(Q(ζv0 )/B) that the prime ideals of A over l do not split completely inB.
Then, l does not split completely in Q(
√
D0). We see from l ∤ D0 that l is inert in
Q(
√
D0). Therefore, we find that χD(l) = −1 for all D ∈ Sp ∪ {D0}. The prime
number l satisfies the condition (iii) of this lemma. The proof of Lemma 3.6 is
completed.
Next, we estimate the number of imaginary quadratic fieldsQ(
√−lNl). In Lemma
3.6, we proved that there exist infinitely many prime numbers l satisfying the con-
ditions (i) κ < l, (ii) l ≡ 1 mod P3, and (iii) χD(l) = −1 for all D ∈ Sp ∪ {D0}.
Since the set of prime numbers l such that l ≡ 1 mod P3 and χD(l) = −1 for all
D ∈ Sp ∪ {D0} is not empty, we see from the Chinese remainder theorem that
there is an arithmetic progression u1 modulo v1 with gcd(u1, v1) = 1 which con-
tains infinitely many such prime numbers l. Here, we need the following lemma.
Lemma 3.7 Let
A4 :=
{
l : odd prime l ≡ u1 mod v1 and l > κ
}
,
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where u1 and v1 are the integers mentioned in the above. Suppose Dl is the fundamental
discriminant of an imaginary quadratic field Q(
√−lNl), where l and Nl denote the inte-
gers in Theorem 3.5. Then, for any fixed l ∈ A4, there exists at most one element l′ ∈ A4
such that Dl = Dl ′.
Proof. For the convenience, we rewrite A4 = {li | i ∈ N}. For li, lj ∈ A4, we
assume that li < lj if i and j are positive integers with i < j. Suppose Dlh = Dli =
Dlj , where h, i, and j are positive integers with h < i < j. Then,
− lhNlh

= − liNli

= −
ljNlj

,
where  is the square part of the numerator. By Theorem 3.5,
gcd(lh,Nlh) = gcd(li,Nli) = gcd(lj,Nlj) = 1.
This implies that
lilj | Nlh .
Then,
lilj ≤ Nlh .
On the other hand, we see from Theorem 3.5 that Nlh ≤ lhκ and κ < lj. Then,
Nlh < lilj.
This is a contradiction. The proof of Lemma 3.7 is completed.
From 0 < −Dl ≤ lNl ≤ l2κ and Lemma 3.7, we obtain the following:
♯


D ∈ S−(X)
λp(Q(
√
D)) = 1,
D ≡ A mod B,(
D
r
)
= 1 for all r ∈ S+, and(
D
r′
)
= −1 for all r′ ∈ S−


≥ ♯

Dl ∈ S−(X)
Q(
√
Dl) = Q(
√−lNl),
where l ∈ A4 and
Nl ∈ N in Theorem 3.5


≥1
2
♯{ l ∈ A4 | 0 ≤ l2κ ≤ X}
=
1
2
♯{ l : odd prime | l ≡ u1 mod v1, l > κ, and l2κ ≤ X}
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=
1
2
♯
{
l : odd prime
∣∣∣∣ l ≡ u1 mod v1 and 0 < l ≤
√
X√
κ
}
− 1
2
♯{ l : odd prime | l ≡ u1 mod v1 and 0 < l ≤ κ}
for any sufficiently large X ∈ R. Let
E(X) :=
1
2
♯
{
l : odd prime
∣∣∣∣ l ≡ u1 mod v1 and 0 < l ≤
√
X√
κ
}
.
By the Dirichlet’s theorem on primes in arithmetic progression, we have
E(X) ∼
√
X
ϕ(v1)
√
κ(logX− log κ)
for any sufficiently large X ∈ R. Then, under the assumption of the existence of
D0, we see that
♯


D ∈ S−(X)
λp(Q(
√
D)) = 1,
D ≡ A mod B,(
D
r
)
= 1 for all r ∈ S+, and(
D
r′
)
= −1 for all r′ ∈ S−


≫
√
X
logX
for any sufficiently large X ∈ R. The proof of Theorem 1.4 is completed.
4 Proofs of Theorems 1.5, 1.6, 1.7, and 1.8
In this section, we prove Theorems 1.5, 1.6, 1.7, and 1.8. To show Theorems 1.5
and 1.7, we will prove the following theorem.
Theorem 4.1 Let p be an odd prime number, n an integer greater than 1 such that
gcd(p, n) = 1, and x1 a positive integer such that gcd(p, x1) = 1.
(1) Assume x21 < p
n. Then, λp(Q(
√
x21 − pn)) = 1 if and only if p ∤ h(Q(
√
x21 − pn))
and (2x1)
p−1 6≡ 1 mod p2.
(2) Assume x21 < 4p
n and x1 is odd. Then, λp(Q(
√
x21 − 4pn)) = 1 if and only if
p ∤ h(Q(
√
x21 − 4pn)) and x
p−1
1 6≡ 1 mod p2.
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Applying Theorem 4.1 (2) to x1 = 1, we obtain the imaginary quadratic fields
treated in Theorem 1.5. Applying Theorem 4.1 (1) to x1 = 1, 2, q1, 2q1, we ob-
tain the imaginary quadratic fields treated in Theorem 1.7. Here, we give some
additional explanation for the case where x1 = 2. Note that 2
p−1 6≡ −1 mod p2.
In fact, if 2p−1 ≡ −1 mod p2, the congruence relation 2p−1 + 1 ≡ 0 mod p and
2p−1 − 1 ≡ 0 mod p hold. On the other hand, gcd(2p−1 + 1, 2p−1− 1) = 1, a con-
tradiction. Therefore, if 2p−1 6≡ 1 mod p2, then 22(p−1) 6≡ 1 mod p2. Thus, using
Theorem 4.1 (1) for the case where x1 = 2, we can find that if p ∤ h(Q(
√
4− pn))
and 2p−1 6≡ 1 mod p2, then λp(Q(
√
4− pn)) = 1.
To show Theorems 1.6 and 1.8, we will prove the following theorem.
Theorem 4.2 Let p be an odd prime number, q1 a prime factor of p− 2 such that qp−11 6≡
1 mod p2, and n an integer greater than 1.
(1) Assume p ≡ 3 mod 4.
(i) Suppose p 6= 3. If n is an odd integer, then the order of the ideal class containing the
prime ideal of the imaginary quadratic field Q(
√
1− pn) over p is n.
(ii) Suppose p = 3. If n is an odd integer such that n 6= 5, then the order of the ideal
class containing the prime ideal of the imaginary quadratic field Q(
√
1− pn) over p is n.
When n = 5, we see that Q(
√
1− 35) = Q(√−2). The class number of Q(√−2) is 1
and the order of the ideal class containing the prime ideal of Q(
√−2) over 3 is 1.
(iii) Suppose 2p−1 ≡ 1 mod p2. If n is an odd composite number, then the order of the
ideal class containing the prime ideal of the imaginary quadratic field Q(
√
q21 − pn) over
p is n.
(2) Assume p ≡ 1 mod 4.
(i) Suppose Q(
√
4− pn) 6= Q(√−1). Then, the order of the ideal class containing the
prime ideal of the imaginary quadratic field Q(
√
4− pn) over p is n (see [15, Theorem 1
(2)]).
(ii) Suppose 2p−1 ≡ 1 mod p2 and Q(
√
4q21 − pn) 6= Q(
√−1). If n is a compos-
ite number, then the order of the ideal class containing the prime ideal of the imaginary
quadratic field Q(
√
4q21 − pn) over p is n.
(3) If n is greater than 8, then the order of the ideal class containing the prime ideal of the
imaginary quadratic field Q(
√
1− 4pn) over p is n (see [14, Theorem] or [16]).
Theorems 1.6 and 1.8 follow from Theorem 4.2 immediately. In Section 4.1, we
show Theorem 4.1. In Section 4.2, we prove Theorem 4.2.
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4.1 Proof of Theorem 4.1
In this section, we prove Theorem 4.1. The method of the proof is the same one
that is used in Section 2. We use Theorem 2.1 mainly.
Proof of Theorem 4.1. First, we treat Q(
√
x21 − pn). We can write
(p)n = (x1 +
√
x21 − pn)(x1 −
√
x21 − pn)
in Q(
√
x21 − pn). Put α := x1 +
√
x21 − pn. Since gcd(p, x21 − pn) = 1 and p ∤ α
hold, p splits in Q(
√
x21 − pn). Note that ideals (α) and (α) are coprime, where α
is the complex conjugate of α. Then,
(α) = ℘n,
where ℘ is the prime ideal of O
Q(
√
x21−pn)
over p. Hence it follows from Theorem
2.1 that λp(Q(
√
x21 − pn)) = 1 if and only if p ∤ h(Q(
√
x21 − pn)) and
(x1 +
√
x21 − pn)p−1 − 1 6≡ 0 mod ℘2, (9)
where ℘ is the complex conjugate of ℘. Equation (9) is equivalent to
(x1 +
√
x21 − pn)p − (x1 +
√
x21 − pn) 6≡ 0 mod ℘2℘n. (10)
We see that
(x1 +
√
x21 − pn)p − (x1 +
√
x21 − pn)
=
{ p
∑
j=0
(
p
j
)
x
p−j
1 (
√
x21 − pn)j
}
− (x1 +
√
x21 − pn)
=
{ p−1
2
∑
j=0
(
p
2j
)
x
p−2j
1 (x
2
1 − pn)j
}
+
{ p−1
2
∑
j=0
(
p
2j+ 1
)
x
p−2j−1
1 (x
2
1 − pn)j
√
x21 − pn
}
− x1 −
√
x21 − pn.
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When n ≥ 2, we have pn ≡ 0 mod ℘2℘n. Then,
(x1 +
√
x21 − pn)p − (x1 +
√
x21 − pn)
≡
{ p−1
2
∑
j=0
(
p
2j
)
x
p−2j
1 x
2j
1
}
+
{ p−1
2
∑
j=0
(
p
2j+ 1
)
x
p−2j−1
1 x
2j
1
√
x21 − pn
}
− x1 −
√
x21 − pn
≡ xp1
{ p−1
2
∑
j=0
(
p
2j
)}
+ x
p−1
1
√
x21 − pn
{ p−1
2
∑
j=0
(
p
2j+ 1
)}
− x1 −
√
x21 − pn
≡ 2p−1xp1 + 2p−1x
p−1
1
√
x21 − pn − x1 −
√
x21 − pn
≡ (x1 +
√
x21 − pn)(2p−1xp−11 − 1) mod ℘2℘n.
Equation (10) is true if and only if
(2x1)
p−1 − 1 6≡ 0 mod p2
by the above congruence relation. Therefore, λp(Q(
√
x21 − pn)) = 1 if and only if
p ∤ h(Q(
√
x21 − pn)) and (2x1)p−1 6≡ 1 mod p2. The proof of (1) is completed.
Next, we treat Q(
√
x21 − 4pn). We can write
(p)n =
(x1 +
√
x21 − 4pn
2
)(x1 −
√
x21 − 4pn
2
)
in Q(
√
x21 − 4pn). Put β :=
x1 +
√
x21 − 4pn
2
. Since gcd(p, x21 − 4pn) = 1 and p ∤ β
hold, p splits in Q(
√
x21 − 4pn). Note that ideals (β) and (β) are coprime, where β
is the complex conjugate of β. Then,
(β) = ℘n,
where ℘ is the prime ideal of O
Q(
√
x21−4pn)
over p. Hence it follows from Theorem
2.1 that λp(Q(
√
x21 − 4pn)) = 1 if and only if p ∤ h(Q(
√
x21 − 4pn)) and
(x1 +
√
x21 − 4pn
2
)p−1
− 1 6≡ 0 mod ℘2, (11)
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where ℘ is the complex conjugate of ℘. Equation (11) is equivalent to
(x1 +
√
x21 − 4pn
2
)p
−
x1 +
√
x21 − 4pn
2
6≡ 0 mod ℘2℘n. (12)
We see that
(x1 +
√
x21 − 4pn
2
)p
−
x1 +
√
x21 − 4pn
2
=
1
2p
(x1 +
√
x21 − 4pn)p −
1
2
(x1 +
√
x21 − 4pn)
=
1
2p
{ p
∑
j=0
(
p
j
)
x
p−j
1 (
√
x21 − 4pn)j
}
− 1
2
(x1 +
√
x21 − 4pn)
=
1
2p
{ p−1
2
∑
j=0
(
p
2j
)
x
p−2j
1 (x
2
1 − 4pn)j
+
p−1
2
∑
j=0
(
p
2j+ 1
)
x
p−2j−1
1 (x
2
1 − 4pn)j
√
x21 − 4pn
}
− 1
2
(x1 +
√
x21 − 4pn).
When n ≥ 2, we have pn ≡ 0 mod ℘2℘n. Then,
(x1 +
√
x21 − 4pn
2
)p
−
x1 +
√
x21 − 4pn
2
≡ 1
2p
{ p−1
2
∑
j=0
(
p
2j
)
x
p−2j
1 x
2j
1 +
p−1
2
∑
j=0
(
p
2j+ 1
)
x
p−2j−1
1 x
2j
1
√
x21 − 4pn
}
− 1
2
(x1 +
√
x21 − 4pn)
≡ 1
2p
{
x
p
1
p−1
2
∑
j=0
(
p
2j
)
+ x
p−1
1
√
x21 − 4pn
p−1
2
∑
j=0
(
p
2j+ 1
)}
− 1
2
(x1 +
√
x21 − 4pn)
≡ 1
2p
(2p−1xp1 + 2
p−1xp−11
√
x21 − 4pn)−
1
2
(x1 +
√
x21 − 4pn)
≡ 1
2
(x
p
1 + x
p−1
1
√
x21 − 4pn)−
1
2
(x1 +
√
x21 − 4pn)
≡ 1
2
(x1 +
√
x21 − 4pn)(x
p−1
1 − 1) mod ℘2℘n.
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Equation (12) is true if and only if
x
p−1
1 − 1 6≡ 0 mod p2
by the above congruence relation. Therefore, λp(Q(
√
x21 − 4pn)) = 1 if and only
if p ∤ h(Q(
√
x21 − 4pn)) and x
p−1
1 6≡ 1 mod p2. The proof of (2) is completed.
4.2 Proof of Theorem 4.2
In this section, we show Theorem 4.2 (1) and (2) (ii). Theorem 4.2 (2) (i) and (3) are
already proved (see [15], [14], and [16]). First, we sketch the outline of the proof.
The method of the proof is based on the one in [20] and [15].
Let p be an odd prime number and n a positive integer satisfying the as-
sumption in Theorem 4.2 (1) and (2) (ii). We treat the imaginary quadratic field
Q(
√
x21 − pn), where x1 = 1, q1, 2q1. We can write
(p)n = (x1 +
√
x21 − pn)(x1 −
√
x21 − pn)
in Q(
√
x21 − pn). Put α := x1 +
√
x21 − pn. Since gcd(p, x21 − pn) = 1 and p ∤ α
hold, the prime number p splits in Q(
√
x21 − pn). Note that ideals (α) and (α) are
coprime, where α is the complex conjugate of α. Then,
(α) = ℘n,
where ℘ is the prime ideal of O
Q(
√
x21−pn)
over p. We will prove the order of the
ideal class containing ℘ is n. It is essential for this proof to show that ±α is not a
p4-th power in OQ(√x21−pn) for any prime number p4 dividing n. In fact, we can
prove this by checking that there is no integer solution (u, v) of the equation
±α = (u+ v
√
d0)
p4 ,
where d0 is the square-free part of x
2
1 − pn.
Next, we give a detailed proof of this. In Section 4.2.1, we prove Theorem 4.2
(1) (i) and (ii). In Section 4.2.2, we show Theorem 4.2 (1) (iii). In Section 4.2.3, we
prove Theorem 4.2 (2) (ii).
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4.2.1 Proof of Theorem 4.2 (1) (i) and (ii)
In this section, we show Theorem 4.2 (1) (i) and (ii). First, we prepare the following
lemma.
Lemma 4.3 Let p be an odd prime number. Then, for any given positive even integer d1,
the number of positive integer solutions (x, y) of the equation
d1x
2 + 1 = py
is at most one except for (d1, p) = (2, 3). When (d1, p) = (2, 3), the number of positive
integer solutions (x, y) of the above equation is three and the solutions are (x, y) = (1, 1),
(2, 2), (11, 5).
We prove this by using a result of Y. Bugeaud and T. N. Shorey [1]. We state their
result here.
We denote by (Fn) the Fibonacci sequence defined by F0 := 0, F1 := 1, and
satisfying Fn+2 := Fn+1+Fn for all n ≥ 0. We denote by (Ln) the Lucas sequence
defined by L0 := 2, L1 := 1, and satisfying Ln+2 := Ln+1+Ln for all n ≥ 0. Then
set
F := {(Fh−2ε,Lh+ε,Fh) | h ∈ N s.t. h ≥ 2 and ε ∈ {±1}}
and
G := {(1, 4ph15 − 1, p5) | p5 is a prime number and h1 ∈ N}.
Bugeaud and Shorey gave the following result.
Theorem 4.4 (Bugeaud and Shorey, [1, Theorem 1]) Let d1 and d2 be coprime posi-
tive integers and let p be a prime number with gcd(d1d2, p) = 1. Let γ ∈ {1,
√
2, 2} be
such that γ = 2 if p = 2. We assume that d2 is odd if γ ∈ {
√
2, 2}. Then, the number of
positive integer solutions (x, y) of the equation
d1x
2 + d2 = γ
2py
is at most one except for
(γ, d1, d2, p) ∈ E :=
{
(2, 13, 3, 2), (
√
2, 7, 11, 3), (1, 2, 1, 3), (2, 7, 1, 2),
(
√
2, 1, 1, 5), (
√
2, 1, 1, 13), (2, 1, 3, 7).
}
or
(d1, d2, p) ∈ F ∪G∪Hγ,
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where Hγ denotes the set
Hγ :=

(d1, d2, p)
there exist positive integers s0 and t0
such that d1s
2
0 + d2 = γ
2pt0 and
3d1s
2
0 − d2 = ±γ2

 .
This theorem is also used in Sections 4.2.2 and 4.2.3.
Proof of Lemma 4.3. We will show
(γ, d1, d2, p) = (1, d1, 1, p) 6∈ Er {(1, 2, 1, 3)}
and
(d1, d2, p) = (d1, 1, p) 6∈ F ∪G∪H1
to use Theorem 4.4with γ = 1. We see (1, d1, 1, p) 6∈ Er{(1, 2, 1, 3)} and (d1, 1, p) 6∈
G easily. Suppose (d1, 1, p) ∈ F. There exists an integer h greater than 1 such that
Fh−2ε = d1, Lh+ε = 1, and Fh = p, where ε = ±1. The integer h must be
0 or 2 by Lh+ε = 1. Since h is greater than 1, the integer h must be 2. When
h = 2, the 2nd number in the Fibonacci sequence F2 is 1. This is a contradic-
tion. Then, (d1, 1, p) 6∈ F. Next suppose (d1, 1, p) ∈ H1. Both d1s20 + 1 = pt0 and
3d1s
2
0 − 1 = ±1 hold for some positive integers s0 and t0. Then, we have 4 =
3pt0 ± 1, that is, 3pt0 = 3 or 5. This is a contradiction. Therefore, (d1, 1, p) 6∈ H1.
When (d1, p) = (2, 3), the statement of this lemma follows from [23, Theorem 2.3].
The proof of Lemma 4.3 is completed. Next, we prove the following key lemma
by using Lemma 4.3.
Lemma 4.5 Let p be a prime number such that p ≡ 3 mod 4, n an odd integer greater
than 1 such that (p, n) 6= (3, 5), and
α := 1+
√
1− pn.
Then, ±α is not a p4-th power in OQ(√1−pn) for any prime p4 dividing n.
Proof. Since p4 is odd, it is sufficient to prove that α is not a p4-th power in
O
Q(
√
1−pn). We see from the congruence relations p ≡ 3 mod 4 and n ≡ 1 mod 2
that 1− pn ≡ 2 mod 4. Then O
Q(
√
1−pn) = Z[
√
d0], where d0 is the square-free
part of 1− pn. Suppose α is a p4-th power in OQ(√1−pn). We can write
α = (u+ v
√
d0)
p4 (13)
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for some integers u and v. Expanding the right side of equation (13), we have
1+
√
1− pn =
{ p4−1
2
∑
j=0
(
p4
2j
)
up4−2j(v2d0)j
}
+ w
√
d0
for some integer w. Comparing the real parts of this equation,
1 = u
p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(v2d0)j.
This implies that u = ±1. Then,
1+
√
1− pn = (±1+ v
√
d0)
p4 .
Taking the norm of this, we obtain pn = (1− v2d0)p4 . Then,
p
n
p4 = 1− v2d0.
On the other hand, we can write
1− pn = c2d0
for some positive integer c. These implies that both (x, y) = (c, n) and (x, y) =
(|v|, n/p4) are positive integer solutions of the equation −d0x2 + 1 = py. This is
a contradiction when (−d0, p) 6= (2, 3) by Lemma 4.3. When (−d0, p) = (2, 3),
it follows from Lemma 4.3 that (c, n) = (1, 1), (2, 2), (11, 5). Since n is an odd
integer greater than 1, the pair of integers (c, n) must be (11, 5). The case where
(p, n) = (3, 5) is not treated in this lemma. The proof of Lemma 4.5 is completed.
Finally, we show Theorem 4.2 (1) (i) and (ii) by using Lemma 4.5.
Proof of Theorem 4.2 (1) (i) and (ii). Since gcd(p, 1− pn) = 1 and p ∤ α hold,
the prime number p splits in Q(
√
1− pn). Note that ideals (α) and (α) are co-
prime, where α is the complex conjugate of α. Then,
(α) = ℘n,
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where ℘ is the prime ideal of O
Q(
√
1−pn) over p. Let s1 be the order of the ideal
class containing ℘. We canwrite n = s1t1 for some integer t1. Since ℘
s1 is principal,
there exists some element η ∈ O
Q(
√
1−pn) such that ℘
s1 = (η). Then,
(α) = (℘s1)t1 = (η)t1 = (ηt1).
Since Q(
√
1− pn) 6= Q(√−1), Q(√−3) holds, this implies that
±α = ηt1 .
When (p, n) 6= (3, 5), we obtain t1 = 1 by Lemma 4.5. Then, s1 = n when (p, n) 6=
(3, 5). The proof of Theorem 4.2 (1) (i) and (ii) is completed.
4.2.2 Proof of Theorem 4.2 (1) (iii)
In this section, we show Theorem 4.2 (1) (iii). The method of the proof is basically
similar to the one in Section 4.2.1. First, we prepare the following two lemmas.
Lemma 4.6 Let p and q5 be distinct odd prime numbers. Then, the equation
4q25 − 3px = ±1
has no positive integer solution x.
Proof. When q5 = 3,
4q25 − 3px ≡ 0 mod 3.
This is a contradiction. Therefore, we treat the case where q5 6= 3. First, we treat
the equation 4q25 − 3px = −1. Since q25 ≡ 1 mod 3 holds, we have
4q25 − 3px ≡ 4− 0 ≡ 1 mod 3.
This is a contradiction. Next, we treat the equation 4q25 − 3px = 1. We can write
3px = 4q25 − 1 = (2q5 + 1)(2q5 − 1).
Since gcd(2q5 + 1, 2q5 − 1) = 1 holds, we obtain four cases: (i) 2q5 + 1 = px,
2q5 − 1 = 3, (ii) 2q5 + 1 = 3, 2q5 − 1 = px , (iii) 2q5 + 1 = 3px, 2q5 − 1 = 1, (iv)
2q5 + 1 = 1, 2q5− 1 = 3px. We easily see that the above four cases are impossible.
The proof of Lemma 4.6 is completed.
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We use this to show the following lemma.
Lemma 4.7 Let p and q5 be distinct odd prime numbers. Then, for any given positive
even integer d1, the number of positive integer solutions (x, y) of the equation
d1x
2 + q25 = p
y
is at most one.
Proof. We will show
(γ, d1, d2, p) = (1, d1, q
2
5, p) 6∈ E
and
(d1, d2, p) = (d1, q
2
5, p) 6∈ F ∪G∪H1
to use Theorem 4.4 with γ = 1. We see (1, d1, q
2
5, p) 6∈ E and (d1, q25, p) 6∈ G easily.
Suppose (d1, q
2
5, p) ∈ F. There is an integer h greater than 1 such that Fh−2ε = d1,
Lh+ε = q25, and Fh = p, where ε = ±1. J. H. E. Cohn [9] proved that L1 = 1 and
L3 = 4 are the only squares in the Lucas sequence. Then, Lh+ε = q25 is impossible.
Therefore, (d1, q
2
5, p) 6∈ F. Next suppose (d1, q25, p) ∈ H1. Both d1s20 + q25 = pt0
and 3d1s
2
0 − q25 = ±1 hold for some positive integers s0 and t0. Then, we have
4q25 = 3p
t0 ± 1. This is a contradiction with Lemma 4.6. Therefore, (d1, q25, p) 6∈ H1.
The proof of Lemma 4.7 is completed.
Next, we prove the following key lemma by using Lemma 4.7.
Lemma 4.8 Let p be a prime number such that p ≡ 3 mod 4 and 2p−1 ≡ 1 mod p2, q1
a prime factor of p− 2 such that qp−11 6≡ 1 mod p2, n an odd composite number, and
α := q1 +
√
q21 − pn.
Then, ±α is not a p4-th power in OQ(√q21−pn) for any prime p4 dividing n.
Proof. Since p4 is odd, it is sufficient to prove that α is not a p4-th power in
O
Q(
√
q21−pn)
. Suppose α is a p4-th power in OQ(√q21−pn). It follows from the as-
sumptions p ≡ 3 mod 4, q1 ≡ 1 mod 2 and n ≡ 1 mod 2 that q21 − pn ≡ 2 mod 4.
Then O
Q(
√
q21−pn)
= Z[
√
d0], where d0 is the square-free part of q
2
1 − pn. We can
write
α = (u+ v
√
d0)
p4 (14)
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for some integers u and v. Expanding the right side of equation (14), we have
q1 +
√
q21 − pn =
{ p4−1
2
∑
j=0
(
p4
2j
)
up4−2j(v2d0)j
}
+w
√
d0
for some integer w. Comparing the real parts of this equation,
q1 = u
p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(v2d0)j. (15)
This implies that u = ±1, ±q1. Suppose u = ±q1. Then,
q1 +
√
q21 − pn = (±q1 + v
√
d0)
p4 .
Taking the norm of this, we obtain pn = (q21 − v2d0)p4 . Then,
p
n
p4 = q21 − v2d0.
On the other hand, we can write
q21 − pn = c2d0
for some positive integer c. These implies that both (x, y) = (c, n) and (x, y) =
(|v|, n/p4) are positive integer solutions of the equation −d0x2 + q21 = py. This
is a contradiction by Lemma 4.7. Then, u must be ±1. Substituting u = ±1 in
equation (15), we obtain
± q1 =
p4−1
2
∑
j=0
(
p4
2j
)
(v2d0)
j. (16)
Taking the norm of α = (±1+ v√d0)p4 , we have pn = (1− v2d0)p4 . Then, p
n
p4 =
1− v2d0, that is, v2d0 = 1− p
n
p4 . Substituting this in equation (16), we obtain
±q1 =
p4−1
2
∑
j=0
(
p4
2j
)
(1− p np4 )j.
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Since n is a composite number, we have n/p4 ≥ 2. Then, pn/p4 ≡ 0 mod p2. Using
this, we see
p4−1
2
∑
j=0
(
p4
2j
)
(1− p np4 )j ≡
p4−1
2
∑
j=0
(
p4
2j
)
≡ 2p4−1 mod p2.
Then,
±q1 ≡ 2p4−1 mod p2.
Combining this and the assumption 2p−1 ≡ 1 mod p2, we have
q
p−1
1 ≡ (±q1)p−1 ≡ (2p4−1)p−1 ≡ (2p−1)p4−1 ≡ 1 mod p2.
This is a contradiction. The proof of Lemma 4.8 is completed.
Finally, we show Theorem 4.2 (1) (iii) by using Lemma 4.8.
Proof of Theorem 4.2 (1) (iii). Since gcd(p, q21 − pn) = 1 and p ∤ α hold, the
prime number p splits in Q(
√
q21 − pn). Note that ideals (α) and (α) are coprime,
where α is the complex conjugate of α. Then,
(α) = ℘n,
where ℘ is the prime ideal of O
Q(
√
q21−pn)
over p. Let s1 be the order of the ideal
class containing ℘. We canwrite n = s1t1 for some integer t1. Since ℘
s1 is principal,
there exists some element η ∈ O
Q(
√
q21−pn)
such that ℘s1 = (η). Then,
(α) = (℘s1)t1 = (η)t1 = (ηt1).
Since Q(
√
q21 − pn) 6= Q(
√−1), Q(√−3) holds, this implies that
±α = ηt1 .
We obtain t1 = 1 by Lemma 4.8. Then, s1 = n. The proof of Theorem 4.2 (1) (iii) is
completed.
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4.2.3 Proof of Theorem 4.2 (2) (ii)
In this section, we show Theorem 4.2 (2) (ii). The method of the proof is also
basically similar to the one in Section 4.2.1. First, we prepare the following two
lemmas.
Lemma 4.9 Let p and q6 be distinct odd prime numbers. Then, the equation
16q26 − 3px = ±1
has no positive integer solution x.
Proof. When q6 = 3,
16q26 − 3px ≡ 0 mod 3.
This is a contradiction. Therefore, we treat the case where q6 6= 3. First, we treat
the equation 16q26 − 3px = −1. Since q26 ≡ 1 mod 3 holds, we have
16q26 − 3px ≡ 1− 0 ≡ 1 mod 3.
This is a contradiction. Next, we treat the equation 16q26 − 3px = 1. We can write
3px = 16q26 − 1 = (4q6 + 1)(4q6 − 1).
Since gcd(4q6 + 1, 4q6 − 1) = 1 holds, we obtain four cases: (i) 4q6 + 1 = px,
4q6 − 1 = 3, (ii) 4q6 + 1 = 3, 4q6 − 1 = px , (iii) 4q6 + 1 = 3px, 4q6 − 1 = 1, (iv)
4q6 + 1 = 1, 4q6− 1 = 3px. We easily see that the above four cases are impossible.
The proof of Lemma 4.9 is completed.
We use this to show the following lemma.
Lemma 4.10 Let p and q6 be distinct odd prime numbers. Then, for any given positive
odd integer d1, the number of positive integer solutions (x, y) of the equation
d1x
2 + 4q26 = p
y
is at most one.
Proof. We will show
(γ, d1, d2, p) = (1, d1, 4q
2
6, p) 6∈ E
44
and
(d1, d2, p) = (d1, 4q
2
6, p) 6∈ F ∪G∪H1
to use Theorem 4.4 with γ = 1. We see (1, d1, 4q
2
6, p) 6∈ E and (d1, 4q26, p) 6∈ G
easily. Suppose (d1, 4q
2
6, p) ∈ F. There exists an integer h greater than 1 such that
Fh−2ε = d1, Lh+ε = 4q26, and Fh = p, where ε = ±1. For any integer h ≥ 2, we
find
4Fh −Fh−2ε = Lh+ε
(see [1, Lemma 3]). Using this, we have
4p− d1 = 4q26.
Since 4p− d1 is odd, this is impossible. Therefore, (d1, 4q26, p) 6∈ F. Next suppose
(d1, 4q
2
6, p) ∈ H1. Both d1s20 + 4q26 = pt0 and 3d1s20 − 4q26 = ±1 hold for some posi-
tive integers s0 and t0. Then, we have 16q
2
6 = 3p
t0 ± 1. This is a contradiction with
Lemma 4.9. Therefore, (d1, 4q
2
6, p) 6∈ H1. The proof of Lemma 4.10 is completed.
Next, we prove the following key lemma by using Lemma 4.10.
Lemma 4.11 Let p be a prime number such that p ≡ 1 mod 4 and 2p−1 ≡ 1 mod p2,
q1 a prime factor of p− 2 such that qp−11 6≡ 1 mod p2, n a composite number, and
α := 2q1 +
√
4q21 − pn.
Then, ±α is not a p4-th power in OQ(√4q21−pn) for any prime p4 dividing n.
Proof. Suppose ±α is a p4-th power in OQ(√4q21−pn). Since p ≡ 1 mod 4 holds,
we see 4q21 − pn ≡ 3 mod 4. Then OQ(√4q21−pn) = Z[
√
d0], where d0 is the square-
free part of 4q21 − pn. We can write
± α = (u+ v
√
d0)
p4 (17)
for some integers u and v. First, we treat the case where p4 = 2. Substituting
p4 = 2 in equation (17), we have
±α = (u+ v
√
d0)
2 = (u2 + v2d0) + 2uv
√
d0.
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On the other hand, we can write
4q21 − pn = c2d0
for some positive odd integer c. Using this expression, we have
±α = ±2q1 ± c
√
d0.
Comparing the imaginary parts of these equation,
±c = 2uv.
Since c is odd, this is impossible. Then, ±α is not a square in O
Q(
√
4q21−pn)
. Next,
we treat the case where p4 ≥ 3. It is sufficient to prove that α is not a p4-th power
in O
Q(
√
4q21−pn)
. Expanding the right side of the equation α = (u + v
√
d0)
p4 , we
have
2q1 +
√
4q21 − pn =
{ p4−1
2
∑
j=0
(
p4
2j
)
up4−2j(v2d0)j
}
+w
√
d0
= u
{ p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(v2d0)j
}
+ w
√
d0
for some integer w. Comparing the real parts of this equation,
2q1 = u
p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(v2d0)j. (18)
Then, u = ±1, ±2, ±q1, ±2q1. Suppose u = ±1, ±2. Taking the norm of α =
(u+ v
√
d0)
p4 , we have pn = (u2 − v2d0)p4 . Then, pn/p4 = u2 − v2d0, that is,
v2d0 = u
2 − p np4 .
Substituting this in equation (18), we obtain
2q1 = u
p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(u2 − p np4 )j.
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Since n is a composite number, we have n/p4 ≥ 2. Then, pn/p4 ≡ 0 mod p2. Using
this, we see
u
p4−1
2
∑
j=0
(
p4
2j
)
up4−2j−1(u2 − p np4 )j ≡
p4−1
2
∑
j=0
(
p4
2j
)
up4−2ju2j
≡ up4
p4−1
2
∑
j=0
(
p4
2j
)
≡ 2p4−1up4 mod p2.
Since p is odd, we have
q1 ≡ 2p4−2up4 mod p2.
Combining this and the assumption 2p−1 ≡ 1 mod p2, we see
q
p−1
1 ≡ (2p4−2up4)p−1 ≡ (2p4−2)p−1(up4)p−1
≡ (2p−1)p4−2(up−1)p4 ≡ (up−1)p4 mod p2.
When u = ±1, we have up−1 = 1. When u = ±2, we have up−1 = 2p−1 ≡
1 mod p2. Then,
q
p−1
1 ≡ (up−1)p4 ≡ 1 mod p2.
This is a contradiction. Therefore, it must be u = ±q1, ±2q1. Suppose u = ±q1.
Substituting this in equation (18), we obtain
2q1 = ±q1
p4−1
2
∑
j=0
(
p4
2j
)
q
p4−2j−1
1 (v
2d0)
j.
Then,
± 2 =
p4−1
2
∑
j=0
(
p4
2j
)
q
p4−2j−1
1 (v
2d0)
j = q
p4−1
1 +
p4−1
2
∑
j=1
(
p4
2j
)
q
p4−2j−1
1 (v
2d0)
j. (19)
Taking the norm of α = (±q1 + v
√
d0)
p4 , we have
v2d0 = q
2
1 − p
n
p4 .
Since q21 − pn/p4 is even and d0 is odd, we see that v is even. Then, the right side
of equation (19) is odd. This is a contradiction. Therefore, it must be u = ±2q1.
Taking the norm of α = (±2q1 + v
√
d0)
p4 , we obtain
v2d0 = 4q
2
1 − p
n
p4 .
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On the other hand,
4q21 − pn = c2d0.
These implies that both (x, y) = (c, n) and (x, y) = (|v|, n/p4) are positive integer
solutions of the equation −d0x2 + 4q21 = py. This is a contradiction by Lemma
4.10. The proof of Lemma 4.11 is completed.
Finally, we show Theorem 4.2 (2) (ii) by using Lemma 4.11.
Proof of Theorem 4.2 (2) (ii). Since gcd(p, 4q21 − pn) = 1 and p ∤ α hold, the
prime number p splits in Q(
√
4q21 − pn). Note that ideals (α) and (α) are coprime,
where α is the complex conjugate of α. Then,
(α) = ℘n,
where ℘ is the prime ideal of O
Q(
√
4q21−pn)
over p. Let s1 be the order of the ideal
class containing ℘. We canwrite n = s1t1 for some integer t1. Since ℘
s1 is principal,
there exists some element η ∈ O
Q(
√
4q21−pn)
such that ℘s1 = (η). Then,
(α) = (℘s1)t1 = (η)t1 = (ηt1).
Since d0 ≡ −1 mod 4 holds, Q(
√
4q21 − pn) 6= Q(
√−3). From the assumption
Q(
√
4q21 − pn) 6= Q(
√−1), we have
Q(
√
4q21 − pn) 6= Q(
√−1), Q(√−3).
Then,
±α = ηt1 .
We obtain t1 = 1 by Lemma 4.11. Therefore, s1 = n. The proof of Theorem 4.2 (2)
(ii) is completed.
Remark 4.1 We give a remark on Theorem 4.2 (2). We see how often the equalityQ(
√
4− pn) =
Q(
√−1) (resp. Q(
√
4q21 − pn) = Q(
√−1)) occurs as n runs over positive integers for
a fixed prime number p (resp. for fixed prime numbers p and q1). The number of positive
integer solutions (x, y) of the equation
x2 + 4 = py
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is at most one except for p = 5 (see [15, Lemma 3]). Then, for a fixed p, the number of
positive integers n such that Q(
√
4− pn) = Q(√−1) is at most one except for p = 5.
By Lemma 4.10 of this paper, the number of positive integer solutions (x, y) of the equation
x2 + 4q21 = p
y
is at most one. Then, for fixed odd prime numbers p and q1, the number of positive integers
n such that Q(
√
4q21 − pn) = Q(
√−1) is at most one.
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